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1. Introduction 
In this paper the idea of near resolvability for balanced incomplete block designs (BIBDs) 
          designs is extended to triangular and cyclic designs; and some such designs are 
obtained. Further some series of partially balanced incomplete block designs including semi–
regular group divisible (SRGD), triangular and cyclic designs are obtained from α– 
resolvable SRGD, near resolvable triangular and cyclic designs respectively. 

Some methods of constructions of near resolvable           designs along with their 
existence and applications may be found in Furino (1995), Furino et al. (1996), Abel et al. 
(2008) and Abel (2017), among others. Trung (1999) used classical inversive planes of even 
order to construct a class of                   near resolvable designs, in which any 
two blocks have at most two treatments in common.  Bassalygo and Zinoviev (2016) showed 
the equivalence between a resolvable           and a near resolvable            
   design. A table of near resolvable           designs under the range of      
            may be found in Furino et al. (1996). Some constructions of combinatorial 
matrices from affine resolvable and near resolvable designs may be found in Saurabh (2022). 

For details on partially balanced designs, see Clatworthy (1973), Raghavarao (1988), 
Bagchi (2004), Raghavarao and Padgett (2005), Dey (2010), Arasu et al. (2013), Saurabh et 
al. (2021a), Saurabh and Sinha (2023) and references therein. SRX, TX and CX denote a 
SRGD design, triangular design and cyclic design with number X respectively as listed in 
Clatworthy (1973).  

The rest of the paper is organized as follows. Section 2 contains some basic definitions 
and terminologies. Section 3 describes some constructions methods of SRGD, triangular and 
cyclic designs from   –resolvable SRGD, near resolvable triangular and cyclic designs 
respectively. Section 4 contains some examples of near resolvable and related designs 
whereas Section 5 describes future prospects and some applications of these designs.  
2. Definitions 
2.1 Near resolvable design 
A block design            is said to be near resolvable if its blocks can be partitioned into 
  classes such that for each treatment   of   there is precisely one class which does not 
contain   in any of its blocks and each class contains     distinct treatments. Such classes 
are known as partial resolution classes. The necessary conditions for the existence of such 
designs are                  A near resolvable design is a special class of frame 
[see Ge and Miao (2007)].  
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2.2 α – Resolvable design  
Suppose   blocks of a block design            can be divided into     ⁄  classes, each of 
size      ⁄  such that in each class of   blocks every treatment of   is replicated   times. 
Then these   classes are known as   –resolution (or parallel) classes and the design is called 
 –resolvable design. When     the design is said to be resolvable and the classes are 
called resolution classes. 
2.3 Balanced incomplete block design 
A balanced incomplete block design (BIBD) or a           design is an arrangement of   
treatments in   blocks, each of size       such that every treatment occurs in exactly   
blocks and any two distinct treatments occur together in   blocks. The integers           are 
called parameters of the BIBD and they satisfy the relations:              
           (Fisher’s inequality). 
Example 1: A near resolvable solution of a           design is given below which may be 
found in Ge and Miao (2007): 

Missing 
treatment 

{0} {1} {2} {3} {4} {5} {6} 

Blocks {1, 2, 4} 
{3, 5, 6} 

{2, 3, 5} 
{0, 4, 6} 

{3, 4, 6} 
{0, 1, 5} 

{0, 4, 5} 
{1, 2, 6} 

{1, 5, 6} 
{0, 2, 3} 

{0, 2, 6} 
{1, 3, 4} 

{0, 1, 3} 
{2, 4, 5} 

2.4 Group divisible design 
Let      treatments be arranged in an     array. A group divisible (GD) design is an 
arrangement of the      treatments in   blocks each of size   such that: 
1. Every treatment occurs at most once in a block; 
2. Every treatment occurs in   blocks; 
3. Every pair of treatments, which are in the same row of the     array, occur together in 

   blocks; while every other pair of treatments occur together in    blocks.  
The integers              and    are known as parameters of the GD design and they 
satisfy the relations:                                Furthermore, if 
       then the GD design is singular (S); if        and          then it is 
semi–regular (SR); and if        and         , the design is regular (R). For 
         , the above definition is equivalent to uniform        GD design of type   , 
see Furino et al. (1996) and Abel et al. (2009). 
2. 5 Triangular design 
Let          ⁄  treatments be arranged in an     array such that the positions on the 
principal diagonal are left blank, the        ⁄  positions above and below the principal 
diagonal are filled with the   treatments in such a way that the resultant arrangement is 
symmetric about the principal diagonal. Then any two treatments which occur in the same 
row or same column of the array are first associates; otherwise they are second associates.  

A partially balanced incomplete block design based on a triangular scheme is known as 
a triangular design. The integers          ⁄           and    are known as parameters 
of the triangular design and they satisfy the relations:                          
          

            
3. Constructions Methods  
Theorem 1: The existence of   – resolvable       SRGD design with parameters: 
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       ⁄                      ⁄        (1) 
implies the existence of another SRGD design with parameters: 
                                                                    (2) 
Proof: Since the SRGD design with parameters (1) is  – resolvable, the number of resolution 
classes is     ⁄  and the number of blocks in each resolution class is    ⁄     ⁄   . 
Let            be the resolution classes of SRGD design with parameters (1). Let 
      

        be arbitrarily chosen blocks in its ith resolution class and            be the 
new treatments distinct from the   treatments of the SRGD design. We construct   new 
classes corresponding to   resolution classes of the SRGD design with parameters (2) as 
follows: 

    {  } 
  
  {  } 
  

    {  } 

    {  } 
  
  {  } 
  

    {  } 

  
  
  
  

    {  } 
  
  {  } 
  

    {  } 

New treatments are added once only in each block of a resolution class. Clearly the block size 
is increased by one and the replication remains unchanged. Since the original SRGD design is 
 –resolvable with          , any pair of distinct treatments which are first associates 
occur together in no block; and any pair of distinct treatments which are second associates 
occur together in   blocks; also in the derived SRGD design. The union of these new classes 
generates the blocks of another SRGD design with parameters (2). The association scheme of 
the derived SRGD design is obtained by adjoining a new row:                    
to the     association scheme of the original SRGD design. 
Example 2: Consider the following resolution classes of a 2–resolvable SRGD design SR36: 
                               

      

(1, 3, 6, 8) (2, 3, 4, 5) 
(1, 2, 3, 4) (3, 5, 6, 8) 
(4, 5, 6, 7) (1, 4, 6, 7) 
(2, 5, 7, 8) (1, 2, 7, 8) 

Then using Theorem 1, the blocks of SR52:                              
      are given as: 

(1, 3, 6, 8, 9) (2, 3, 4, 5, 10) 
(1, 2, 3, 4, 9) (3, 5, 6, 8, 10) 
(4, 5, 6, 7, 9) (1, 4, 6, 7, 10) 
(2, 5, 7, 8, 9) (1, 2, 7, 8, 10) 

The 5 x 2 GD scheme is given as transpose of the array:      
                

TABLE 1: SRGD designs obtained using Theorem 1 
No. Original design Derived  

design 
No. Original design Derived  

design 
1 SR36; 2– Resolvable SR52 16 SR77; Resolvable SR87 
2 SR37;3– Resolvable SR53 17 SR78; Resolvable SR88 
3 SR40; 5– Resolvable SR55 18 SR79; Resolvable SR89 
4 SR43; 3–Resolvable  SR57 19 *SR81; 3– Resolvable SR91 
5 SR48; Resolvable SR62 20 SR82; 4– Resolvable SR92 
6 SR49; Resolvable SR63 21 *SR83; 5– Resolvable SR93 
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7 SR50; Resolvable SR64 22 SR87; Resolvable SR96 
8 SR52; 2– Resolvable SR66 23 SR88; Resolvable SR97 
9 *SR53; 3– Resolvable SR67 24 SR89; Resolvable SR98 
10 SR60; Resolvable SR75 25 *SR91; 3– Resolvable SR99 
11 SR62; Resolvable SR77 26 SR98; Resolvable SR105 
12 SR63; Resolvable SR78 27 *SR99; 3– Resolvable SR106 
13 SR64; Resolvable SR79 28 *SR100; 4– Resolvable SR07 
14 SR66; 2– Resolvable SR80 29 SR105; Resolvable SR110 
15 *SR67; 3– Resolvable SR81 30 *SR70; 5– Resolvable SR83 

*α– resolvable solutions are reported in Saurabh et al. (2021b).  
Theorem 2: The existence of a near resolvable triangular design with parameters:  
                 ⁄                           (3) 
implies the existence of another triangular design with parameters:  
                        ⁄                          .                       (4)                                                      
Proof: Let            be the partial resolution classes of a near resolvable triangular 
design with parameters (3) and {  } be the missing treatment in the ith partial resolution class. 
Then the number of blocks in a partial resolution classes of a triangular design is     ⁄ . 
Let               be the blocks in the ith resolution class. Then the new blocks corresponding 
to    are obtained as:     {  }     {  }       {  }. Then the replication of each treatment 
is increased by  , the block size is increased by one and any pair of distinct treatments which 
are first associates to each other occurs together in      blocks any pair of distinct 
treatments which are second associates to each other occurs together in      blocks. Hence 
we obtain a triangular design with parameters (4). The scheme of triangular design with 
parameters (4) is same as of the design with parameters (3). 
Theorem 3: The existence of a near resolvable two–associate class cyclic design with 
parameters:                  ⁄                         (5) 
implies the existence of another cyclic design with parameters:                    
     ⁄                          .                                     (6)   
Proof: As outlined in Theorem 2.     
Example 3: A near resolvable solution of cyclic design C2:               
                     is given below: 

Missing Treatment {1} {2} {3} {4} {5} 
Blocks {3, 5} 

{2, 4} 
{3, 5} 
{1, 4} 

{1, 4} 
{2, 5} 

{1, 3} 
{2, 5} 

{1, 3} 
{2, 4} 

Then using Theorem 3 we obtain a cyclic design C13:                     
               whose solution is given as:    

{1, 3, 5} 
{1, 2, 4} 

{2, 3, 5} 
{1, 2, 4} 

{1, 3, 4} 
{2, 3, 5} 

{1, 3, 4} 
{2, 4, 5} 

{1, 3, 5} 
{2, 4, 5} 

4. Near resolvable triangular designs 
By juxtaposing the blocks of solution number 1 of T9 and the blocks of solution number 3 of 
T10 as given in Clatworthy (1973), a new solution of T11 is obtained. This solution is used to 
construct a near resolvable solution. The triangular design T11 has parameters:        
                                

TABLE 2: A near resolvable triangular design T11 with 10 treatments 



Some Methods of Constructions of Partially Balanced Designs  51

 
 

 Missing  
Treatment 

Partial Resolution Classes 

 {1} {5, 6, 8}; {7, 9, 10}; {2, 3, 4} 
 {2} {1, 3, 4}; {5, 8, 9}; {6, 7, 10} 
 {3} {1, 2, 4}; {5, 7, 9}; {6, 8, 10} 
 {4} {1, 2, 3}; {8, 9, 10}; {5, 6, 7} 
 {5} {1, 3, 6}; {2, 8, 9}; {4, 7, 10} 
 {6} {1, 2, 5}; {3, 8, 10}; {4, 7, 9} 
 {7} {1, 5, 6}; {2, 3, 8}; {4, 9, 10} 
 {8} {1, 5, 7}; {2, 4, 9}; {3, 6,10} 
 {9} {1, 6, 7}; {2, 5, 8}; {3, 4, 10} 
 {10} {1, 4, 7}; {2, 5, 9}; {3, 6, 8} 

Using Theorem 2, we obtain a triangular design with parameters:                 
                        The blocks are given as: 
{1, 5, 6, 8}; {1, 7, 9, 10}; {1, 2, 3, 4}; {1, 2, 3, 4}; {2, 5, 8, 9}; {2, 6, 7, 10}; {1, 2, 3, 4};  
{3, 5, 7, 9}; {3, 6, 8, 10}; {1, 2, 3, 4}; {4, 8, 9, 10}; {4, 5, 6, 7}; {1, 3, 5, 6}; {2, 5, 8, 9};  
{4, 5, 7, 10}; {1, 2, 5, 6}; {3, 6, 8, 10}; {4, 6, 7, 9}; {1, 5, 6, 7}; {2, 3, 7, 8}; {4, 7, 9, 10}; 
{1, 5, 7, 8}; {2, 4, 8, 9}; {3, 6, 8, 10}; {1, 6, 7, 9}; {2, 5, 8, 9}; {3, 4, 9, 10}; {1, 4, 7, 10}; 
{2, 5, 9, 10}; {3, 6, 8, 10}. 

A near resolvable solution for T13 is presented below. The triangular design T13 has 
parameters:                                        

TABLE 3: A near resolvable triangular design T13 with 10 treatments 
Missing  
Treatment 

Partial Resolution Classes 

{1} {2, 5, 10}; {3, 6, 9}; {4, 7, 8} 
{2} {1, 8, 10}; {3, 5, 7}; {4, 6, 9} 
{3} {1, 9, 10}; {2, 7, 8}; {4, 5, 6} 
{4} {1, 8, 9}; {2, 6, 7}; {3, 5, 10} 
{5} {1, 4, 8}; {2, 6, 10}; {3, 7, 9} 
{6} {1, 3, 9}; {2, 7, 10}; {4, 5, 8} 
{7} {1, 2, 10}; {4, 6, 8}; {3, 5, 9} 
{8} {1, 6, 9}; {2, 3, 7}; {4, 5, 10} 
{9} {1, 5, 10}; {2, 4, 6}; {3, 7, 8} 
{10} {1, 7, 8}; {3, 4, 5}; {2, 6, 9} 

Using Theorem 2 we obtain a triangular design with parameters:                 
                        The blocks are given as: 
{1, 2, 5, 10}; {1, 3, 6, 9}; {1, 4, 7, 8}; {1, 2, 8, 10}; {2, 3, 5, 7}; {2, 4, 6, 9}; {1, 3, 9, 10}; 
{2, 3, 7, 8}; {3, 4, 5, 6}; {1, 4, 8, 9}; {2, 4, 6, 7}; {3, 4, 5, 10}; {1, 4, 5, 8}; {2, 5, 6, 10};  
{3, 5, 7, 9}; {1, 3, 6, 9}; {2, 6, 7, 10}; {4, 5, 6, 8}; {1, 2, 7, 10}; {4, 6, 7, 8}; {3, 5, 7, 9}; {1, 
6, 8, 9}; {2, 3, 7, 8}; {4, 5, 8, 10};  {1, 5, 9, 10}; {2, 4, 6, 9}; {3, 7, 8, 9}; {1, 7, 8, 10}; {3, 4, 
5, 10}; {2, 6, 9, 10}. 
The arrangement of 10 treatments in a     array for the triangular designs T11 and T13 is 
given as:  
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5. Conclusion  
A series of near resolvable triangular or cyclic designs is still not known in the literature. 
Here some examples of such designs are given. A pair of orthogonal near resolutions of 
triangular/cyclic designs may also be investigated. Such types of designs are useful in 
anonymous       threshold schemes and in unconditionally secure commitment schemes 
[see Topalova and Zhelezova (2009)]. 

Further a recursive construction of SRGD designs is given. Some recursive 
constructions may also be found in Banerjee and Kageyama (1996) and Saurabh and Sinha 
(2022). The GD designs are useful in group testing experiments, sampling and intercropping 
[see Raghavarao and Padgett (2005)] and a GD design with           is useful in the 
construction of low–density parity–check (LDPC) codes free of 4–cycles and key pre–
distribution schemes [see Lee and Stinson (2005) and Xu et al. (2019)].  
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